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Abstract

We consider a single product, two-stage supply chain inventory model with the upstream
warehouse and the downstream retailer which is observed periodically. The demand for a
product is random. The optimal supply chain inventory policy to minimize the total discounted
expected cost is derived via dynamic programming. The problem is analyzed in single, two,
multiple and infinite periods. Under certain conditions, we show that the problem for the retailer
is a Newsboy-type problem and that the optimal policy is characterized by a single critical
number for the initial supply chain inventory level. We further show that in all cases, the optimal
policy for the warehouse is a base-stock policy where the optimal base-stock level depends on
the initial supply chain inventory level. Numerical analysis is examined to gain insight into the
problem.

Keywords : Inventory ; Dynamic Programming ; Periodic Review Models ; Supply Chain

Management

1 Introduction

One of the most important topics in the study of the management of contemporary manufacturing and
distribution is Supply Chain Management (SCM). The effective management of supply channel
inventories is perhaps the most fundamental objective of SCM.

In traditional supply chain, the downstream makes stock level decision and the upstream only observes
the downstream’s order. But, with the development of information technology (IT) such as Internet, point-
of-sales (POS), and electronic data interchange (EDI), all stages of the supply chain have been able to
share demand and inventory data quickly and inexpensively. So, recently, there have been some new
approaches that transfer the stock level decision to the upstream, such as Click and Mortar (CAM), Drop-
shipping (DS), and Vendor managed inventory (VMI).

There are numerous works published in the area of SCM. We will only discuss literatures that relate
closely to our paper. There is an extensive literature on serial inventory system. Clark and Scarf [8]

consider a multi-echelon inventory problem. They show that echelon base-stock policies are optimal in a

*  Nagoya University of Commerce and Business Administration, 44 Sagamine Komenoki-cho, Nissin-City, Aichi, Japan.
TEL: +81-5617-3-2111 Ext.22428. e-mail: han-sh@nucba.ac.jp
T Graduate School of Economics, Osaka University, Toyonaka, Osaka 560-0043, JAPAN. e-mail: matsumotohirotaka@

compsrv.econ.osaka-u.ac.jp

—125—



NUCB JOURNAL OF ECONOMICS
AND INFORMATION SCIENCE vol. 50 No. 2

warehouse retailer

/ \
,‘ |' >

Figure I A Two-stage supply chain

——

— sDemand

periodic review, finite-horizon setting. Federgruen and Zipkin [9] generalyze the same results to periodic
review, infinite-horizon models. Chen and Zheng [6] consider supply chain with random demand, constant
lead time, and setup cost at all stages. They derive a lower bound over all feasible policies under
centralized control. Recently, Chen [5] develop a serial inventory system with N stages. With centralized
demand information, he shows that the optimal echelon reorder points can be determined sequentially.
Axs ter [1] derives complete probability distributions for the retailer inventory level in a two-echelon
distribution inventory system. etinkaya and Lee [4] present a model for coordination of inventory and
transportation decisions in VMI systems. They approximate the exact model to obtain a solution to the
considered problem.

In this paper, we introduce a two-stage, supply chain inventory model with the upstream warehouse and
the downstream retailer. At the beginning of a period, a retailer provides demand information and
inventory level to a warehouse. Then, the warehouse decides the replenishment quantity for retailer and
the order quantity to minimize the total supply chain discounted expected cost. We can see such situation
in the real-life, e.g., the soft drink firms that replenish their product for the vending machines, many
electronics/computer industry, and the garment industry, etc.

The purpose of this paper is to show that under certain conditions, the optimal policy for the retailer is
characterized by a single critical number for the initial supply chain inventory level at each period, which
is obtained by solving a myopic cost function. We further show that the optimal policy for the warehouse
is a base-stock policy where the optimal base-stock level depends on the initial supply chain inventory
level at each period. In this paper, in particular, we focus on the finite-horizon analysis, since it gives us
concrete and realistic insight.

This paper is organized as follows; Section 2 presents the formulation of the general problem as a
dynamic programming model. Section 3 and 4 provide analyses for the single-period and the multi-period
problems, respectively. Numerical examples are presented in Section 5. The paper concludes with some

final remarks in Section 6.

2 Assumption and Notation

This paper studies a two-stage supply chain inventory model with the upstream warehouse and the
downstream retailer as illustrated in Figure 1.

In this section, we introduce notations and basic assumptions used throughout the paper:

n : number of periods remaining in the finite-horizon problem;

D,, : the random variable which describes the total demand during period »;
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A(z)= P{D, <z}: the cumulative distribution function of D,;
a(z) : the probability density function corresponding to 4(z);
A : amean of the demand, i.e., A= fomsz(z): fomza(z)dz;
W : warehouse;
R : retailer;
X}, : the inventory level at W observed at the beginning of period n;
Xy : the inventory level at R observed at the beginning of period #;
x7: the total supply chain inventory level observed at the beginning of period n, i.e., x7= x +x%;
Yy« the order-up-to level at W for period n;
Vi + the order-up-to level at R for period n;
VY« the total supply chain order-up-to level for period n, i.e., y7 = y} +y%;
cw : a unit ordering cost at 7
hy : a unit holding cost at ¥ incurred at the end of period;
cp : aunit transportation cost from W to R;
c% : a unit transportation cost from # to R in period 0;
hg : aunit holding cost at R incurred at the end of period;
pr : a unit shortage cost at R incurred at the end of period;
o : the discount factor per period, 0<a<1;
We assume that 4(0)=0, a(-)>0, that unsatisfied demands are fully backlogged, and that the

transportation lead-time is negligible. Also, we make the following assumptions.

Assumption 1 ¢y + hy +acp<apg
Assumption 2 c¢p+ hr > hy+acp

Assumption 1 is necessary to motivate ordering. If Assumption 2 does not hold, it is less expensive to
transport all products at 7 to R. Then, the problem becomes trivial.
Since we do not allow for disposing of any inventory without satisfying demand, the admissibility

condition requires as follows:

Admissibility condition 1 yz—x3 <xj, i.e., Yp <x7
Admissibility condition 2 y%>x}
Admissibility condition 3 )}, > x},— (% — x}), ie., yr=x7

Now, let ¥"(xg, x7) be the minimum total supply chain discount expected cost of operating for n-period
with the initial inventory level xz at R, and the initial supply chain inventory level xr under the best
ordering/replenishment decision is used at period » through period 1. Then, a dynamic programming

equation (DPE) for the problem can be given by

VO(XR,XT) = 07 ( 1 )
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V™ (xg, X7) = min {CD(,VR_ xp)+ J/r(hW“‘ ew)— hwyr— cwXr

YTZXTZYRZXR

+ Lo taf, V"~ = z.yr— 2dAE)}, n >0, (2)

where yg and yr are the inventory level after the replenishment at R and the supply chain inventory level

after the order is delivered, respectively,

Lo = he )" (&= 2)dAG) + pr [z — yo)d A2), n >0

is the expected one-period holding and shortage cost function at R. The first and second derivatives of

L(yy) are
L'(yp)=(hg+ pr) A(yp)— pr, L" (yp) =(hg+ pr)a(yr) > 0.

To simplify our analysis, by using the relation
W™(xg,x7) = V"(xp,x7) + cpxp, =0,

we change (1) and (2) to following DPE.
WO(xg, X1)= Cpxa,
W"(xg,x1) = yrzglziizm{f r)+yr(hw+cw)
-i-ocfoaO W' Wyr—z,yr—2)dA(2)} +acpi—cwxr  (3)

where
SR =cpyr(1 —a)+ L(yg) = hwyr (4)
In this paper, we assume that no action is taken in period 0. So, ¢},= 0. Thus,
WO (xg, x1)=0.

We assume that all parameters and costs are nonnegative, and that all relevant functions are

differentiable.

3 Single-Period Analysis

In this section, we analyze the single-period problem for the model introduced in the last section.
Furthermore, we make an additional assumption, and change (3) to a DPE which is a function of the initial
supply chain inventory level x7 only. We begin by rewriting (3) as
W'(xg, x7)= min {yr(hw+ cw)} + F(xg, xr) +acph— cwxr (5)
Yr2xr

where
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F(g,xp)= min {f(yr)} (6)

XTZYRZXR

We first investigate the properties of (4) since it plays a central role in the minimization in (5) and (6). We

obtain the first two derivatives as follows:
S'Or) =cptL'(yr)— hw, " (yr)=L"(y) > 0.
It should be noted that L’ () is increasing,
vliirlof’(yR): cp(l —a)+ hg— hy>0,

lim f"(yp)=cp(1 —a) — pr— hw<O0.

y——®

So, there exists a unique 4 such that /" (yg)=0, i.e.,

r— g—1[prt hw— cp(1 —0)
=4 hr+ pr '

y’; is nonnegative and finite because pr+ hyp—cp(1—a)>0 and pr+ hp—cp(l—a)< hg+ pg.

Now, we set an additional assumption.
Assumption 3 xz <)k

Then, the optimal policy for period 1 and the expected optimal cost under the optimal policy are

summarized in the following theorem.

Theorem 1 For I-period problem,

(1) the optimal replenishment policy for R is given by

| Gy
Y [vh Gzl

where critical number yl is a solution to f'(yg)=0;

(2) obviously, it is optimal not to order at W, i.e.,
v =
(3) the optimal cost under this policy is
W (xp)=F(xp)+acpA+ hyxr
where

f (xp) (XT<)/;)
Flxp=

FOR  Gr=yR)

and its first two derivatives are
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, |f’ (xr) + hw (xr<y4})
Wl (JCT): F'(JCTH' hW:

hy (XTZ)Q';)
" < A
T (XI):V @) Gy
(xr=y})

So, W'(x7) and F(x7) are quasi-convex in xr.

Under Assumption 3, notice that (5) and (6) are functions of the initial supply chain inventory level x7 only.

Hence, recursively, we can rewrite (3) as

W™(x7)= min{G"(y7)} + F(xp) +acpl— cwxr (7)
Yr2xr
where
Gy =yrhy+cw) o f, W= yr—2)dAQ) (8)

Remark 1 It should be noted that yr has no effect on either yr or the cost-to-go. So, the optimal
replenishment policy for R is a myopic solution which depends only on the initial supply chain inventory

level xr as defined in Theorem 1.

Remark 2 [t is not unreal that the initial inventory level xy at R is less than the maximum inventory level
y£ at R. Furthermore, the replenishment policy is easy to implement, since it is obtained by solving a

myopic cost function.

In the next section, we show that the optimal ordering policy at ¥ is a base-stock policy where the optimal

base-stock level depends on the initial supply chain inventory level.

4 Multi-Period Analysis

In this section, we analyze the two-, n-, and infinite-period problem for the model introduced in Section 2.
When n =2, from (7) and (8),

W2(xp)= min {G*(y7)} + F(xp) +acpl— cwxr
yrzxr

G*(v)=yr(hw+ ew)+a [, W' (yr—2)dA)
The key results for the two-period problem are contained in

Theorem 2 The optimal ordering policy at W for the two-period model is a base-stock policy defined by

2%

S?- (XTSS%—)
Yr =

) (9)
XT (XT>ST)

where S satisfies (hy+ cy) +af;o WY (yr— z) dA(z)=0 and the optimal cost incurred by this policy is
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W J GHS)+F(xp+acph—cwxr  (xr<S7)
X7)=—

2 i (10)
| G*(xp)+ F(xp)+acpl—cwxr  (xr>S7)

Moreover, W(xy) is quasi-convex in xr.

Proof. Let us analyze the objective function G*(y7). We obtain the first two derivatives of G*(y7) as

follows:
G¥ ()= (hy+ ew) o[, W (yr— 2)dA(z)
=(+hwteptal” 1 (yr—2)dA)
G op=a[, W r—2dA@)=a["  (he+ pRalyr—2)dA()
Then,

G¥(yp>0, lim G (=0 +a) hy+ cy>0

Yr— o
lim G¥ (yp)=hy+cwtacp(l —a)— pr<0
yr— —®
So, there exists a unique S7 such that G2 (y7)=0.
It is clear from above results that SF is the optimal order-up-to level when xTSSzT and no order should be
placed when x7> SZT. This proves that a base-stock policy defined by sz* in (9) is optimal. Accordingly,
the optimal total cost W2(x7) is found by evaluating G2(yy) at sz* so that
J GHSD+F(xp)+acpi—cwxr (xr<87)

W (xr)= 2
l G*(xp)+F(xp+acpri—cyxr  (xr>S7)

which leads to (10). Furthermore,

, F'(xp)—cw (XTSSZT)
W (xp)= ,
G () +F'(xp)—cw  (xr>5
W ()= F"(x1) (xr<S7)
Gz"(xr)‘i‘F" (x7) (XT>S%)

So, W?(x7) is quasi-convex in x7. Q.E.D.

For the n-period problem, the DPE is given by (7) and (8). The key results for the n-period problem are

contained in

Theorem 3  The optimal ordering policy at W for the n-period model is a base-stock policy defined by
S” (XTSS'Z)

=t . an
XT (X]'>S]71—)

where St satisfies (hy~+ cy) +a J\Ow W =V (yr— z) dA(z)= 0 and the optimal cost incurred by this policy is
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G'(S7)+Fxp)+acpi—cwxr (xr<S8%)
Wh(xp)= (12)
G"(x7)+F(xp)+acpl—cwxr (xr>S7)

Moreover, W"(x7) is quasi-convex in xr.

Proof. For the n-period problem, the objective function is given by (8). Aassume that the following
properties hold for the (n—1)-period problem:

(1) G"!(yy) is convex and attains its global minimum at §% '

@) limy, .GV (v = ewt hy X! ook

(3) W~ (xp) is given in (12) for » = n—1 and is quasi-convex in x7

Then, it can be shown inductively that similar properties as in the two-period case also hold for the n-

period problem. Q.E.D.

We develop and solve the infinite-horizon problem. For the infinite-horizon problem, the DPE which is

equivalent to (7) can be written as

W(x7)= min{G(yp)} + F(xp)+acpi— cwxr (13)
Vr2X1
where
Gn=yr(hy+cp)+a [, W(yr—2)dA() (14)

According to Proposition 14 in Bertsekas[2], under the positivity assumption (i.e., expected costs per
period are nonnegative), we have lim W”(x;)= W(x7) and lim G"(yy) = G(y7). Moreover, there exists a
stationary optimal policy. Thus, t}};g ?)ptimal cost in inﬁnit}gloloorizon is characterized by (13) and there
exists a stationary policy y; which minimizes the infinite-horizon total cost. The key results for the

infinite-horizon problem are given in

Theorem 4  The optimal ordering policy at W for the infinite-horizon model is a stationary base-stock

policy defined by

. {ST (xr<S7) (15)

I xr  (xr>S8r)
where St satisfies (hy+ cW)—l—ocfooo W (yr—2)dA(z)= 0 optimal cost incurred by this policy is

G(ST)+F(xT)+(chi—chr (XTSST)

W(XT):{ GG+ FGp+acpi—cwxr  (x>Sr) "

Moreover, W(xy) is quasi-convex in xr.

Proof. For the infinite-horizon problem, the objective function is given by (14). Lemma 8-4 and 8-5 of
Heyman and Sobel[10] imply G'(y7)= lim,—..G""(y7). Then, by using similar discussions as in the proof
for the Theorem 2 and 3, we obtain the desired results. Q.E.D.
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5 Numerical Illustrations

In this section, we compute y% and S’ which characterize the optimal policy for our model. We note that,
in our numerical examples, y% and S} are rounded to the nearest integer.

We assume the following base values for the parameters in the model:

n =10, =50 (with exponential demand), cy =15, hy=135, cp= 15, hg=10, px=30, a=0.9.
The results are displayed in Table 1.

To observe the effect of the parameter values on y% and S, we provide additional numerical examples
by varying each parameter with the others kept at their original base values. The results are reported in
Table 2-8 and summarized in the following:

- As the demand increases stochastically, y% as well as 7 increase.
- An increase in ¢y leads to a decrease in S7.

- An increase in /iy leads to an increase in y% and a decrease in S7.
- An increase in ¢p leads to a decrease in %,

- An increase in /i leads to a decrease in y and an increase in S%.

- An increase in pg leads to an increase in y as well as in S%.

- An increase in « leads to an increase in y% as well as in §%.

Table |y and S for the base parameter values

Y St Sy ST St St ST Sy S7 Sy
91 187 219 231 233 233 233 233 233 233

Table 2 y% and S for varying 4 values

Vi \ St 87 7 3 \ 3 7 ST
A=20

36 75 88 92 93 93 93 93 93 93
A=100

182 375 439 462 466 466 466 466 466 466

Table 3y and S% for varying cy values

Vi 7 s St \ St \ 3 S7 S7
cp=2

91 198 226 235 236 236 236 236 236 236
cw=28

91 178 213 227 230 231 231 231 231 231

—133—



NUCB JOURNAL OF ECONOMICS
AND INFORMATION SCIENCE vol. 50 No. 2

Table 4y and S% for varying hy values

Vi s s \ S7 7 4 3 S7 Sr
hy=2

72 210 248 264 269 269 269 269 269 269
hy=38

122 173 203 213 214 214 214 214 214 214

Table 5y and 8% for varying cp, values

Vi 7 St 7 7 7 S7 st S7 ST
cp=12

93 187 220 231 233 233 233 233 233 233
cp=18

89 187 219 231 233 233 233 233 233 233

Table 6 % and S’ for varying hg values

Vh St St ST ST St St St ST ST
hg=1

118 185 217 229 231 231 231 231 231 231
hp=13

75 190 222 233 235 236 236 236 236 236

Table 7 y% and S% for varying py values

Vi ST St ST ST S7 ST ST ST ST
pr=27

87 183 215 227 229 229 229 229 229 229
pr=33

94 181 223 234 237 237 237 237 237 237

Vi ST 7 N 5 7 3 St S7 St
a=0.8

80 183 213 222 223 223 223 223 223 223
a=0.99

102 191 225 238 242 242 242 242 242 242
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6 Concluding Remarks

In this paper, we consider a single product, two-stage supply chain inventory model with the upstream
warehouse ¥ and the downstrean retailer R which is observed periodically. Under certain conditions, we
show that the optimal replenishment policy for R is a myopic solution which depends only on the initial
supply chain inventory level. Furthermore, we clarify that the optimal ordering policy at ¥ is a base-stock
policy where the optimal base-stock level depends on the initial supply chain inventory level. Numerical
examples are provided to gain insight into the problem. The derived policy is easy to implement. The
derived policy is easy to implement. Our results are quite satisfactory and well-defined.

An extension that we are currently working on is the case where it is necessarry to coordinate inventory
and transportation. If there are a fixed cost, positive lead-time, and finite capacity to replenish, it may be
economical to hold small replenishment until a consolidated quantity accumulates, even though it must be
paid shortage costs. That is, it is an important issue to balance the trade-off between scale economies
associated with transportation and customer waiting.

Another extension of our model is the case that there are multiple items or multiple stages. However,
care must be taken in defining and analyzing in multi-stage model. SCM is an integrated plan, for the chain
as a whole, requires coordinating different functional specialties within a firm (e. g., marketing,
procurement, manufacturing, distribution, etc). So, channel coordination is a leading topic. The number
and ownership of the stages of channel inventory flow can vary widely by channel network. The following
issues need to be under consideration.

(1) What are the channel boundaried that a firm should establish over its activities?

(2) Under what conditions should a channel member change its boundaries?

(3) What is the desired balance between inventory and customer service necessary to meet channel
marketing objectives?

(4) What is the desired balance between inventory investment and associated carrying, transportation, and

replenishment costs?
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